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INTRODUCTION 
A vast study on the existence of the classical solution for Monge-Ampere 
equations in strictly or uniformly convex domains has been made (see 
[l-8]); however, the results in nonstrictly convex domains only have been 
made by few authors. 
In [l], the authors proved that the Dirichlet problem 
det D2u =f(x), 48i2=0, (0.1) 
exists with the convex soluton u E Co(Q) n Cm+‘2y(SZ) (0<y < l), iffe C” 
(m B 3) and f(x) > 0 (in a); here the authors assume that Sz is a convex 
bounded domain in R”. 
But the existence of the weak or generalized solution in nonstrictly 
convex domains has been studied by some authors (see [9-111). Among 
them, Bakelman [ 10, 111 demonstrated that the Dirichlet problem 
det D2u = f (x, u, Du), Ulm = cp(xL (0.2) 
exists with the weak and generalized convex solution for Q c R” which is 
the convex domain possessing the local parabolic support of order z 2 0. 
In this paper, we discuss the regularity of the weak solutions and the 
existence of the classical solutions on the bounded convex domains 
possessing uniform parabolic support. In accordance with the definition 
given by Bakelman [ 10, 1 1 1, if Q c R” is a bounded C’ domain and y E X2 
is a boundary point, then we can transform the coordinate system for 
which y is the coordinate origin and the x,-axis coincides with the inner 
normal of 852 at y. Therefore X2 can be represented by 
xn = x(x’) (x’=(xl,-~,x,-1)) 
344 
0022-0396191 $3.00 
Copyright 0 1991 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
MONGE-AMPkREEQUATIONS 345 
in a neighbourhood of y. We shall say that &J has a parabolic support of 
order z 2 0 at the point y, if there exist positive constants a(y) and 6(y) 
such that 
x(x’)>u(y) Ix’12+T (I-4 6 KY)). (0.3 1 
From this concept, we obtain: 
DEFINITION. Let Q c R” be a bounded c’ domain, and let positive 
constants a, and 6,, exist, such that contants a(v), 6(y) in (0.3) satisfy 
u(y) > a,, 6(y) > 6,, (Vy E c?Q). Then we shall say that XJ has uniform 
parabolic support of order T B 0. 
In Section 1 of this paper, we shall prove that if UE c’(Q) is a convex 
weak solution of the problem (0.2) and XJ possess uniform parabolic sup- 
port of order z B 0, then u E c”,‘(W). This is the conclusion on the regularity 
mentioned above. Here we do not give the conclusions to the generalized 
and classical solutions because they are obvious consequences of those of 
the weak solutions. 
In Section 2, we shall demonstrate the existence of a classical solution for 
the Dirichlet problem 
det D2u =f(x, U, Du), ulan = rp(X)? (0.4) 
in the domains which have uniform parabolic support of order z > 0. For 
the sake of simplicity, we shall replace general equations 
det D2u =f(x, U, Du) 
bY 
det D*u =f(x). 
1. REGULARITY 
If z = 0 in the above definition, then the domain Q has uniform spherical 
support and Q is uniformly convex. In this case, the conclusion of the 
following theorem can be demonstrated by means of a method similar to 
Lemma 2.2 in [3], and there remains the case z > 0 to be discussed. 
THEOREM 1. Let 8 c R” be a bounded C’ domain which has uniform 
parabolic support of order z > 0, cp E C’,‘(8) n C2(Q) a convex function, and 
u E Co(a) a convex weak solution of the Dirichlet problem (0.2). And suppose 
that the following conditions are satisfied 
505/90/2-IO 
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(1) fEC’(QXRXR”) is a nonnegative function, and 
./-Ax, z, P) 3 0 (V(x, z, p) E 0 x R x R”). (1.1) 
(2) There exist a neighbourhood N of LX2 and nonnegative constants 
c(, B, and ,a( lzl), such that 
fk z, P)Qd14)d(x)8 (1 + Ip12)n’2 (V(x, z, p) E 52 x R x R”), (1.2) 
where d(x) = dist(x, aQ), and u, /3, z satisfy 
B>(n--l)r/2 if O<u <n, or 
PX-Z+(n-I); 
(1.3) 
if @>n, 
pay- 1 if O<a <n, or 
/?>a-l+y 
(1.4) 
if a>n. 
Then C”,‘(a) and 
sup ID4 < c, 
R 
(1.5) 
where C depends only on n, K a, P, z, a,, do, 140,sz, and I(PI~,~,~. 
Proof Because X2 E C’ and any directional derivative D,u may only 
attain its extremal value on the boundary, in order to demonstrate (1.5) it 
is sufficient to estimate the value of the inner normal derivative on the 
boundary. 
Let YE X2; we transform the coordinate system, so that y becomes the 
coordinate origin and the x,-axis becomes the direction of the inner normal 
of aa at y. Set 
$(x’, x,) = d In( 1 + (r* - x,)l +‘I*) -{ ln( 1 - Kx,), (1.6) 
where r = Ix’(, v and K are the positive constants to be determined 
afterwards. 
Because It/(x’, x,) = 0 on the surface 
71: x,=~(r*+x.)l+“* (1.7) 
and r > 0, x, is an infinitesimal of the degree higher than x:‘(~+~). From 
w%J 2/(2 + 7) 
r* 
=l+> (on ~1, 
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we can conclude that x,/r2 is an infinitesimal; hence 
0 -c x,/r2 < 1 
and 
xn=kr2tr 
c > 
I+> 
1 + r/2 2’/“@ 
2tr 
G------r , 
K 
provided r. is small enough and r 6 ro. Setting K1 = 2’ +r/2/a, and K 2 K1, 
the surface rc is also a support of the boundary a52 and rc is locally below 
the paraboloid x, = aor + ‘. Therefore $(x’, x,) < 0 on a52. 
Let 
v = cp + It/(x’, x,1; 
I4O.R and I(PI~J,~ do not exceed M. Then u(x’, x,)< u(x’, x,) can be 
obtained, provided $(x’, x,) < - 2M. We notice that on an (n - 2)-dimen- 
sional sphere: r = ro, x, = x,,~ = aor: + ‘, 
1 
$(x’, x,) = - in 
1 +ri+‘(l +aor~)‘+‘i2 
V 
2tr . 1 + Kaor, 
Consequently if r. is small enough and K 3 K1, such that 
1 +ri+‘(l +aor~)1+7’2 2 
< -2vM 2tr 1 + Ka,,r, 2+r=e ' 1 + Kaor, 
namely, if we choose 
K= (2e2”M - l)/aOr~+‘, (1.8) 
then tj(x’, x,) < -2M can be ensured. From the above relation we can see 
that if r0 and v are fixed, then K is also determined. Because Ii/(x’, x,) is a 
monotone increasing function with respect o r = Ix’I, thus 
v(x), x,) < u(x’, x,) (x, = x,,o, r G ro). (1.9) 
Now we consider the function u(x’, x,) in the subset 
D,=Qn {(X’,X,)ER” 1 o<x,<x,,o}. 
From $(x’, x,) < 0 on 6X2 and (1.9) we obtain 
v(d x,) G u(x’, x,) w, x,) E aq. (1.10) 
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So, if we can demonstrate that u is a subsolution of the Monge-Ampere 
equation 
det D2u =f(x, u, Du), (1.11) 
then inequality (1.10) will certainly hold in the whole D, by virtue of the 
comparison principle of weak convex solutions [ 121. Consequently 
inequality (1.5) is also true if constants K and v in Ii/(x’, x~), namely 
constants y0 and v from (1.8), depend only on the quantities mentioned in 
the theorem. 
As a result of computing, we have 
1 (r2 + X,)n*‘2- 2 
detD2~=~(2+T)n(1+(12+X,,)l+r:2)n-I 4 
C 
f (?-2+x,) 
K2(r2 + x,)’ r’2 
+(2+t)(l+KxJ2 
X 
(1+z-(r~+x,)‘+“2)v~+(1+(r2+X,)1+~’2)X, 
1 + (r2 + x,)1+“2 
p= Z-2(r2fX,)1+7’2 
(1+ (y2+X,)1+T’2)2’ 
Because cp is convex, and for r,, sufficiently small 
V +x,1 i-cQ<r/4 VW, x,1 ED,), 
we have that 
det D2v 3 det D’$3 $ (r2 + x,,)““~~ ’
x[l+(~)2(12+5”)1-T’2], (1.12) 
where Ci depends only on n and z. 
According to the supposition of the theorem and the structure of the 
function $, 
.0x, v(x), Wx)) Gut-(x, cp(x), Wx)) 
&~d(x)~ (1 + lD~l~)“‘~<pd((x)~ (1 + IDql + lDlc/I)‘. (1.13) 
In view of (1.8), we have that 
K K K 
-2 
-2vM. 
l+Kx, 1 +Ka,rif’=Te ’ 
therefore 
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,, =i (2+r)(r2+xJT’* K -~ 
v 2(1 + (r2+x,)1+r’2) 1 + Kx, 
1 K 
a------ 2v 1 + Kx, 2 1 + IDqI 
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provided r. is small enough and vd 1. From (1.13) we conclude that 
j-(x, u(x), Du(x)) 9 2”~4x)~ 101//l*. (1.14) 
As ro, i.e., D,, is small enough 
Combining the above inequality with (1.12) and (1.14), then it is guaran- 
teed that u is a subsolution of Monge-Ampere (1.11 ), provided 
In addition to d(x) < x, - Q,Y* + T, (1.15) must be tenable, provided 
a-2 
$-&*+xpl)(T~*) (X,-uor2f’)-B, (1.16) 
or 
(1.17) 
where C2 depends only on n, z, ~1, and CL. 
We first discuss (1.16). According to (l.S), we see that if a < 2 and 
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namely 
2a-2C2”n--a((r2+X,)(n--1)(‘/2)(Xn_aoy2+’)~B 
x (aof- 2+re-2vh4 +2xJp2, (1.18) 
then (1.16) must be true. And as CI < 2, K is replaced by e2”““/a0rt+‘, and 
the process of the discussion as well as the conclusion is the same. 
It is easy to demonstrate that (r2 +x,)(~-‘)(*‘~) (x, -~,r~+‘)-~ is 
monotone increasing with respect o r in the domain D,. So it is sufficient 
that inequality (1.18) is true only for r = 0, and we can only discuss that 
c3vn-a < x,fi+cn- w2)(a y2+Tep2YM + zx )U-2. 
0 0 n (1.19) 
Now if cr>n and /?>a--2+(n-1)(2/2), (1.19) can be achieved by 
setting v = 1 and then making y. small enough. If 0 <cr < n, this can be 
achieved by first fixing r0 sufficiently small in accordance with any earlier 
restrictions and then making v small enough. So we have proved (1.5) for 
(1.3) from (1.16). Similarly, we can give a demonstration for (1.4) from 
(1.17). Thus the proof is completed. 
2. EXISTENCE THEOREMS 
Now we demonstrate the existence of a classical solution for Dirichlet 
problem (0.4) on the domains having uniformly parabolic support of order 
r > 0. For simplicity, we shall replace f(x, z, p) by f(x). In fact, here we 
only give a model for solving this problem from which we describe the 
main feature of the method. 
LEMMA 2. Let 52 c R” be a strictly convex C2 domain, and f E C:(Q), 
f(x) 2 0 (Vx E a), cp E C2(D). 
Then the Dirichlet problem 
det D2u =f(x), ~lm=cp(x)~ 
exists with a unique convex generalized solution u E C”,‘(fj). 
(2.1) 
Proof: Let p be a mollifier satisfying p > 0, f p(x) dx = 1. We denote 
p,(x) = c”(x/E) and 
LO) = j- .I”(Y)&-Y) dv. 
MONGE-AMPtiRE EQUATIONS 351 
It is clear that f(x) >, 0, SE E C”, and fE(x) converge uniformly to f(x) as 
E + 0. Thus there is a constant s0 > 0, such that 
If(x) -“f&(x)1 < $3 
provided &GE,,. We takef,(x) =fEk( ), x w h ere E~<E (k= 1, 2, . ..). then it is 
obvious that fk(x) + l/k <fi(x) + 1 (k = 1, 2, . ..). 
According to Theorem 7 of Section 5 of [2], the problems 
det D2u=fk(x)+ l/k, uIan=cp(x)? (2.2) 
exist with strict convex solutions uk E P(O) n C’(0) (k = 1, 2, . ..). and on 
the basis of comparison principles we have u,(x)> uI(x). Using the 
auxiliary function constructed in [3], we can obtain that sup /Du,(x)l are 
uniformly bounded; thus their limit function u E C’,‘(0). 
Next from Lemma 2 of [12], we can conclude that u is a generalized 
solution. The proof is completed. 
Before demonstrating the existence of a classical solution of the problem 
(2.1) for the convex domain having uniform parabolic support, we iirst 
narrate how to approach a nonstrict convex domain by strict convex 
domains which have uniform parabolic support. 
Let G(x, 5) be the Green function of the Dirichlet problem for a Laplace 
operator. Thus 
P(X) = j G(x> 5) 4 
R 
is the solution of the problem 
Ap= 1, plafJ=O. (2.3) 
It is not difficult to prove IDp( # 0 (Vx E X?) and 
Di,P(x) = ja, 2 G(x, 5) COS2 < V, 5,) dS, (i= 1,2 ) ..-) n), 
where v is outward normal to XI. And it can be seen that Diip 
(i= 1,2, . . . . n) satisfy 
Au=O, uIan=cos2(v, x,), (2.4) 
and D'p(x) is nonnegative if as2 has a certain smoothness. So p(x) can be 
chosen as a defining function of 0. 
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Let the origin 0 E 0; we take that 
(2.5) 
Then Sz c Q, and Q6 -+ D (as E -+ 0). In fact this corresponds to a stretching 
x --) (1 + E)X. It is clear for the transform that 52, are still convex domains 
having uniform parabolic support of order z, and constant a0 in the defini- 
tion becomes a,/( 1 + &)I+‘. 
Set 
(2.6) 
then sZ,,scQ2,, Q,,a+SZ, (6+0+). 
The following lemma will show that Q,, are strict convex domains 
having uniform parabolic support of order r. 
LEMMA 3. Let D c R” be a bounded c2,’ (v E (0, 1)) domain having 
uniform parabolic support of order z. Then domains BE,b defined by (2.6) are 
strict convex domains which have uniform parabolic support of order z with 
respect to E, 6 and boundary points where E > 0 and 6 > 0 are small enough. 
Proof We already showed that Q, possesses uniform parabolic support 
with respect o E. Below we only discuss the relation with 6. 
Because Diip (i = 1, 2, . . . . n) are the solutions of the problems (2.4), 
D,p(x) are positive in Q. And it is easy to show that D’p(x) is a positive 
definite matrix in Sz; thus Q2,, are strict convex domains. 
For any y E &2,, we rotate the coordinate system, such that the x,-axis 
is parallel to the inner normal of %2, at y (x,, . . . . x,-,-axis are selected 
afterwards); thus the surface 
x,--y,=ab I~‘--y’l~+~ (ab=a,/(l +a)‘+‘) 
is a support of izX2,. Extend p(x), so that p E CzSY(Rn) n C”(Q). 
By virtue of the boundedness of Q, p E Cl(R”), and (Dp(x)( #O 
(Vx E &C?,), it is easy to demonstrate that: 
aQ, has uniform parabolic support of order r with respect to 
boundary points o Vy E X2,, there exist positive constants bO, 
&, which depend only on Q and a,, &, in the definition, such 
that on the hyperplane x, = y, 
p(x’,yn)>bo lx’-~‘l~+~ (lx’-y’l <Sb). (2.7) 
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So, in order to illustrate that dQ2,6 have uniform parabolic support of order 
z it is sufficient to prove that condition (2.7) is satisfied on the tangent 
hyperplane of the equipotential surface p(x/( 1 + E)) = -6. Let the point 
(Y’, yn + h) E de,,, namely p(y/(l +E), (yn+h)/(l +E))= -6; we trans- 
form the matrix (D,p(y’/( 1 + E), (y, + h)/( 1 + E))), i, j= 1, . . . . n - 1, to the 
standard form and determine the directions of the x, , . . . . x, _ I axes on the 
basis of the transformation. Because D,,p(y’, y,) = 0, and this means that 
the D,p(x) take the minimal value at the boundary point y = (y’, yn), 
according to the string extremal principles we get that there exists a 
constant C > 0, such that 
Di,P(Y’, y + h) 3 c- ‘h (2.8) 
provided h is small enough, where C does not depend on E, 6 and boundary 
points of asz,,. 
Let 8 be the angle between the hyperplane x, =y, and the equipotential 
surface p(x/( 1 + E)) = -6, that is, the angle between the x,-axis and the 
gradient Dp(y’, y, + h). As a result of simple computing, it is easy to 
explain that 8 and [Cy:: (D&y’, y, + h))2]“2 have the same degree, and 
because D&y’, y,)=O (i= 1,2, . . . . n-l), we can get O=O(h’+Y). There- 
fore, if we represent he tangent plane of the equipotential surface of p(x) 
passing the point (y’, y, + h) by 5, and let 
e, = (0, . . . . 0, 1, 0, . . . . 0, ni) E ?c (i= 1, 2, . . . . n- l), 
we have ii= O(h I+)‘) from t9=O(h’+Y ). And according to (2.8), we have 
that 
Dete,p(y’, ~n+h)=Diip(y: n +~)+~D,,P(JJ’, YE+ h)li 
+D,,p(y’, y,+h)l$+-‘h, 
Dete,P(Y’, Ynfh)=DinP(y’, Yn+h)Aj+Djnp(Y’, yn+h)li 
D,,P(Y’, JJ, + h)liAj=O(h’+‘) 
(i#j) (i,j=1,2 ,..., n-l). 
So p la is a strict convex function and has uniform parabolic support of 
order z provided h is small enough. 
The lemma is proved. 
On the basis of the above lemma and Sz,,, + Q, (as 6 + 0+ ), we can 
take 6,-, > 0 such that 52 c Q,O,sO = Q,. Using Q, + Q (as E + 0+ ) again, we 
can take E,, 6, sufficiently small such that Q,, c 0, and Q c Sz,,,,, = Q,, and 
354 LU LIJIANG 
so on, and we can get a sequence (52,) of strict convex domains having 
uniform parabolic support of order r, such that 
DcQ~csz,~, (k=1,2,...) 52k-tsz (k-too). (2.9) 
THEOREM 4. Let 52 c R” be a bounded C2 domain having uniform 
parabolic support of order T. And suppose that cp E C*(Q), f c C”‘(Q) (m > 3), 
.f(x) 3 0 (Vx E Q), and th ere exist nonnegative constants p, fi, such that 
f(x) G wWp. (2.10) 
Then as 
min 
i 
fl-(n-l)i,P+l-y >O 
I 
(2.11) 
problem (2.1) exists with a unique convex solution u E C’,‘(a) n Cm+ ’“(Sz). 
Proof: The uniqueness can be proved by comparison principles; thus 
we shall only discuss the existence. 
If fi > 0, we can extend the function f(x), such that f(x) - 0 (VXE Q’), 
and we can construct the functions 
where p is the function constructed in the proof of Lemma 2. And we have 
that 
I&(X) -f(x)1 G l/2 w E Qo) 
provided I]~ sufficiently small. We take a cut-off function ion C;(Qo), 
co(x) Z 0, and such that co(x) z 1 (Vx E Q,). Solving the Dirichlet problem 
det D2u = (L,,(x) + 1 Ko(x), u I aJzO =it! dx), (2.12) 
in view of Lemma 2, the solution u. E Co, ‘(fro) exists. 
For k 2 1, we take qk ,< dist(Q, 8sZk), and such that If,,,(x) -f(x)/ < l/2. 
Then functions constructed as fVk satisfy that 
fi,(X) a&) + 1, f&) 6 w4(x)B> (2.13) 
where dk(x) = dist(x, 8Q,J. The problem 
det D2u =f,Jx), ~Iant=dXh (2.14) 
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exists with solutions uk E C”“(ak) (k = 1,2, . ..) on the basis of Lemma 2, 
and it is easy to see uk(x) 2 uo(x) (k = 1,2, . ..) from comparison principles. 
This shows r+(x) to be unifrmly bounded with respect o k and x. Again 
noticing that Bk have uniform parabolic support of order r with respect o 
k and x E X!,, then {u,(x)} are uniformly bounded in Co, ’ space by means 
of the method of Theorem 1, and their limit functions UE C’,‘(a) is a 
convex generalized solution. 
Next we discuss the case fi = 0. We extend f to the outside of Q 
continuously, and make f nonnegative. Let qk + 0 + (as k + co ), and such 
that 
If&) -f(x)1 d l/2 (k = 0, 1, 2, . ..) x E: Q2,). 
Replace (2.12) by 
det PM =f,Jx) + 1, uIaQ,=i,lfdx), (2.15) 
and solve also (2.14) as before, so their solutions {Q(X)} have a common 
bound and the limit function ME C”,‘(Q) is the generalized solution of 
problem (2.1). 
Thus we have proved the existence of the generalized solution of problem 
(2.1). By means of standard techniques we can get further regularity (see 
[14]). Then the proof is completed. 
The following Theorem 5 can be demonstrated by the method of 
Theorem 4; the details will be omitted. 
THEOREM 5. Let QE R” be a bounded C’ domain having uniform 
parabolic support of order z, and let there exist the domain sequence (Q2,) 
tending to Q which satisfies condition (2.9). And suppose that cp E C2(o), 
f~ C2Sy(Q x R x R”), f(x, z, p) > 0 (V(x, z, p) E Sz x R x R”), and f satisfies 
conditions (1.1 )-( 1.4) of Theorem 1. Then the Dirichlet problem 
det D*u = f (x, u, Du), U I aO = P(X), 
exists with a convex solution u E C4,y(B) n C”~‘(i2). 
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